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Summary

Multilinear models have been shown to capture the dynamics of hybrid nonlinear systems,
demonstrating strong potential for applications in power networks. However, computations in
full tensors become infeasible for multilinear power system models as the number of dimen-
sions grows exponentially with the number of states and inputs. A new approach to multilin-
earization is developed to break the curse of dimensionality, offering an optimized algorithm
capable of handling higher-dimensional models.

This document outlines the mathematical background of the various multilinearization meth-
ods. The implementation of numerical multilinearization with the MTI-Toolbox is illustrated
through two power system examples: the inverters in a three-bus system and the grid-following
converter in a system connected to a Thévenin-equivalent network. This deliverable report
presents an improved approach to multilinearization, which can be applied to components in
power networks that contain nonlinearities. Finally, we discuss avenues for extending the mul-
tilinearization approaches toward more general use in power grid modeling and analysis.

Page 3 of 31 TenSyGrid D 2.1



TenSy o Grid

Contents

About TenSyGrid . . . . 1
About this document . . . . . . 2
SUMMANY © 3
1 Introduction 7
2 Symbolic Multilinearization 10
21 Implicit multilinearization .. . . . . . 10
2.2 Lineartransformation . . . . . . . 11
3 Numerical Multilinearization 13
31 Multilinear approximation . . . . . . 13
3.2 Problems forrealapplication . . . .. .. .. . 15
3.3 Possible solution: numerical sparse grid . . . .. .. ..o 15
4 Implementation: MTI toolbox 22
41 Formats foriMTland eMTl . . ... 22
42 Sparse grids method . . .. .. 22
4.3 Power systems application examples . .. . . ... o 23
5 Conclusion 29
51 OUtloOK . . o 29
Bibliography 30

Page 4 of 31 TenSyGrid D 2.1



TenSy o Grid

List of Figures

11

31

3.2

33

34
35

3.6

4.1
4.2
43

4.4

Approaches to convert nonlinear time-invariant into explicit and implicit multilinear
time-invariant models. The conversion from explicit to implicit multilinear models is
demonstrated in Section 2, and is implemented by the function mss2dmss in the MTI

Toolbox (Bl . . . . 9
Comparison of the nonlinear model (1.6) and multilinear models from numerical mul-
tilinearization and implicit symbolic multilinearization. . ... ... ... . .. ... ... .. 14
Examples of Gauss-type knots and their corresponding probability distribution func-
tion shown in solid ines [15]. . . . . . . . 16

Clenshaw-Curtis points (nested, in red) and Gauss-Legendre points (non-nested, in
black) with doubling level-to-knot function m(¢ = 3) (5 points) and m(¢ = 4) (9 points)
for uniform distribution. . . . . . 17
1D, 2D, and 3D Clenshaw-Curtis quadatures. . ... ... ... ... .. .. . ... ... ... 18
Illustration of the polynomial exactness of 2D quadratures with Clenshaw-Curtis rule
and linear level-to-knots function. Figures in the top row show the sparse grid defined
by the different levels ¢ in each variable, and the corresponding figures in the bottom
row show the degree of polynomials that can be integrated exactly. . . ... ... ... . . 19
A Smolyak quadrature with I3 = ls = 3. After truncation of indices (top figure), the
higher-order grids (middle panel, black grids) are discarded, and the resultant combi-

nation of the lower order grids gives the sparse grid (bottom figure). . . . ... ... .. .. 21
Three bus network, [20]. . . .. .. 24
Node voltages, active power P and reactive power Q. . . .. .. ... ... ... ... ..., 26
Grid-following converter's control structure [22] with separationinto NTI, MTI, and linear

time-invariant (LTh models . . .. . . ... 28
Node voltages of nonlinear simulation (solid line), multilinear simulation with numerical

multilinearization (dashed line), and with implicit multilinearization (dash-dot line). . . . . 28

Page 5 of 31 TenSyGrid D 2.1



TenSyli‘Grid

List of Tables

4.1 Voltage trajectory errors per component. . . . .. ... 25

Page 6 of 31 TenSyGrid D 2.1



TenSy o Grid

1 Introduction

This deliverable report aims to present the mathematical background of multilinearization and
to outline the various approaches of multilinearizing nonlinear models, including the newly im-
proved algorithm for numerical multilinearization. The basics of multilinear models are intro-
duced in Deliverable 11 [1]. This chapter provides a summary of those concepts and serves
as a preliminary material for the subsequent discussion on multilinearization methods and their
application to power grid systems.

A nonlinear time-invariant model (NTI) can be described by a system of first-order ODE:

x = f(x,u),

y = g(x,u). (11

where x € R™isthe state vector,u € R™isthe input vector, y € RP isthe output vector, f; : R™ x R™ — R"
are state equations and g; : R™ x R™ — RP are output equations. The state and output equations
may contain nonlinear terms such as reciprocal and trigonometric functions.

A multilinear state space model can be written in terms of multilinear functions, which are func-
tions that would be linear if all but one state or input are held constant. Thus, only products of
the states and inputs are allowed in multilinear functions, but not the quadratic or higher order
terms. The combinations of the various states and inputs can be represented by the monomial

tensor (2, 3l
I\/I(x,u):<1>o---o<1>o<1>o---o<1>, (1.2)
U, U1 Tn L1

n+m

—
where M(x,u) € R?*--*2 s a rank-1 tensor, and o denotes the outer product. A multilinear
time-invariant system (MTI) in tensor form is thus given by a contracted product

x = (FIM(x,u)),
y= <G‘M(X7 u)>v (13)

(n+m) (n+m)

where F € R2X " X 2xn 5 the state transition tensor and G € R2 X " X 2% i5 the output
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tensor. The j-th element of the state derivative vector is thus

2 2
i’j — Z cee Z V1,5 14, 5 VJ =1,..,n, (1.4)
i1=1 ig=1

where ¢ ; are scalar elements of the state transition tensor F, and y;, are scalar elements of
the monomial tensor M(x, u). The subscript vector i = [i1, ...,i]T are indices of a tensor with
dimension 3 := 2("*t™) This means there are at most 8 multilinear combinations of the elements
of x and u. The state transition tensor F has one more dimension, thus its scalar elements ¢ ;
have an additional index j = 1, ...,n. For a comprehensive discussion on tensor representation
and tensor decomposition, see Deliverable 1.1 [1].

The models of (1.3) are of the explicit class, and they are often referred to as eMTI models. In
eMTI models, the state derivatives and output are expressed as operations between states and
inputs. A limitation of eMTI models is that connecting multiple eMTI models may not result in
an overall eMTI system [4]. Implicit MTI models (iMTI) addresses this problem by allowing mul-
tiplication of state derivatives with states, inputs, and/or outputs, enabling the representation
of broken rational functions. The IMTI class is closed, meaning that any combination of iMTI
models, whether in series, parallel, or feedback, results in a system that remains within the iMTI
class [4, 5. In tensor form they can be written as

0 = (HM(x,x,u,y)), (15)

where H is the parameter tensor, and M(x,x,u,y) is the augmented monomial tensor. The
output equations are not required in the implicit form but can be included in H. A detailed ex-
planation on implicit models and their tensor representation can be found in Deliverable D11 [1.

It is practical to convert between model classes to adapt to various applications, since they may
be represented in either of these classes while their computation may be more feasible in a
particular class, depending on the nature of mathematical functions, their solvability, and the
complexity of numerical solution methods. The approaches of multilinearizing NTI systems to
eMTl and IMTI models, and the conversion between eMTI and IMTI models are summarized in
Fig. 11 The different approaches of multilinearization will be detailed in Section 2 and 3, while
Section 4 describes the implementation of multilinearization using the MTI Toolbox, and Sec-
tion 4.3 provides examples of implementation for components in power grid systems.,

To illustrate the methods of multilinearization in Sections 2 and 3, we use an example of a poly-
nomial model of second-order:

. 2
r1 =x1 + 2331 + r1x9,

To = To — 4.1"% — 2T129. (1.6)

Page 8 of 31 TenSyGrid D 2.1



TenSy l'lGrid

Implicit Explicit
multilinear multilinear
model mss2dmss model

Figure 1.1: Approaches to convert nonlinear time-invariant into explicit and implicit multilinear time-invariant models.
The conversion from explicit to implicit multilinear models is demonstrated in Section 2, and is imple-
mented by the function mss2dmss in the MTI Toolbox [6].
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2 Symbolic Multilinearization

Symbolic multilinearization involves the finding of a set of symbolic equations which are mathe-
matical equivalent. It has the advantage that the multilinearized model represents the dynamic
behaviour exactly as the nonlinear model and not approximative. Here we discuss two sym-
bolic methods: implicit multilinearization using differential algebraic equations (DAEs), and lin-
ear transformation of polynomial to multilinear models, where omputer algebra such as the
Symbolic Math Toolbox in MATLAB® could be used.

2.1 Implicit multilinearization

An algebraic equation can be added to the implicit ordinary differential equations to form a set
of DAEs. An auxiliary variable y; is introduced to multilinearize the nonlinear terms, such that
the multilinear model can directly represent the physical systems with fewer approximations [5,
7. 8l. In the general form, the implicit model in (1.5) extended with a vector of auxiliary variables
is written as

0 = (HM(x%,x,u,y)), (2.1)

where H is the parameter tensor, and y € RP is a vector of p auxiliary variables.

In this approach, the example model in (1.6) is transformed into an implicit state space model as:

0=121 — 21 — 2211 — 11722,
0 =19 —xo + 4dx1y1 + 22129,
0=y —21. (2.2)

An extensive list of nonlinearities identified for power system components is reported in Deliv-
erables 3.1 [9l. They include terms such as saturation limits, squared, trigonometric and expo-
nential terms, hysteresis, and discrete switching behaviors in components such as synchronous
generators, converters, power system stabilizers, and controllers. The symbolic representation
of these nonlinearities are reported in Deliverables 3.2 [10].
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2.2 Linear transformation

Certain classes of polynomial models can be transformed into multilinear models using linear
state transformation [11]. This method uses a non-singular transformation matrix to change the
state vector x in a nonlinear model to a new basis x in a multilinear model. That is, for a system
of ordinary differential equations x = f(x), the polynomial functions f(x) can be transformed
into multilinear functions by an invertible transformation matrix T

T:R" - R" x:=Tx, (2.3)

In the example model (1.6), a linear coordinate transformation can be applied to the states such
that the nonlinear model can be mapped to a multilinear one:

()=l )6

T1 = F1 + T179,
‘%2 = 9. (2.5)

The work [11] uses the following notation for a generic second-order polynomial model:

(1) =e(7) - (wéau% b Dy + i+ nas + ally +wsa>) 26
pr— p— ( ) . .
€2

T2 ﬁgg)wf + wﬁﬁ)xm + W(()g):r% + W%%)lj + 7Té?l’2 + 770%
where g : R* — R" is the polynomial function, (z1,79)T € R are states, with P eR i€ (1,2)
and a € N3 is a multi-index. The goal was to find a linear transformation

f:=TogoT! (27)

where f is a multilinear function. The work [11] found sufficient and necessary conditions for the
existence of solution to (2.7) for polynomial functions that are not affine. One case is illustrated
in the following. Consider the matrix T:
T (1 y ) 28)
|

where xx,yx € C. Then T is a valid transformation for (2.7) if and only if one of a few conditions
listed in [11] is satisfied. For example:

It either holds that

Ty mh £ 0, mp,my, mhy =0, 29
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or

1 1 1 2 2
77((]2)77T§1)77T§0) =0, W(()z)’ﬂéo) # 0.

Furthermore, it holds that

1 1)2 1 (1 1 1)) 2 D _(1
L)’ - 4y e (l)’ - anpely
x* = ) #0, and y*= & #0,
275 2Ty
in case of (2.9), or in case of (2.10)
2 2)\ 2 2) (2 2 2)\ 2 2) (2
() - e e (w) - el
* = ) #£0, and y* = o) #0,
2oy 2730

(2.10)

(2.12)

(2.12)

where, in the equations (2.11) and (2.12), there is either a plus in both cases or a minus in both

equalities.

Algorithms for conversion of explicit NTI models to eMTI are presented in [11]. Linear transfor-
mation for implicit MTI systems would have the potential to include more types of variables and

parameters, and will be an avenue for future studies.
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3 Numerical Multilinearization

3.1 Multilinear approximation

Numerical multilinearization is formulated as a minimization problem, where the multilinear
model can be obtained by employing the orthogonal projection theory [3]. In this approach,
nonlinear functions are approximated as a linear combination of base functions, and the differ-
ence between this approximation and the original functions are minimized. The computation
involves integration of functions which are performed numerically.

We seek to approximate a nonlinear model such as (1.1) with a multilinear model h(x, u) ~ f(x, u).
The components of h(x) are

B
hj (x,u) = Z iy, 5 M (x,u)
=1 (3.1
= Ping T Pig jT1 T Pig jT2 T iy jT1T2 -

+ @i/g,jxl C T UL Uy, VJ = 1, e

where u;(x,u) are the scalar elements of M(x, u), which are the base functions that spans some
multilinear space M, representing all possible multilinear combinations of the elements of x
and u. In multilinearization, the monomial tensor M(x, u) is typically decomposed into a fac-
torized form, such as the canonical polyadic form. Here we present the expanded form of the
monomial tensor and explore how approximations can be made by neglecting certain higher-
order terms with the sparse grids method.

The approximation problem uses the orthogonality condition to mininize the distance between
the approximation and the original function [12]. Several definitions are needed for the formula-
tion of this problem. First the inner product of two real functions f(x) and g(x) over a domain D
is defined as

<ﬂ@y&»wzéj&w@mkwx (32

where w(x) is a weighing function that defines the importance of good approximation properties
for certain regions in D. The norm of the inner product is defined as

1F Gl := (%), (X))o (33
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Nonlinear x;
Nonlinear x,
Numerical x4

.20 1 1 1 1 L 1 1 L 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Time

Figure 3.1: Comparison of the nonlinear model (1.6) and multilinear models from numerical multilinearization and
implicit symbolic multilinearization.

The approximation problem is to find a function h; that minimizes the difference

hI]nei}\IAth(X’ u) — fi(x,u)||w, Vi=1,...,n. (3.4)

The parameters ¢, ; in h; are elements of the transition tensor F € R?" calculated as
ei,; = (fi(x,u), u,(x,0)),Vi=1,...,5, Vji=1,..,n. (3.5)
which are orthogonal projections of nonlinear functions f; on the bases p;,.

The main task of numerical multilinearization is to perform numerical integration to compute the
inner products in (3.4) and (3.5).

The multilinear model of the example system (1.6) after numerical multilinearization is

T1 =921 + 122 — 4/3,
To = To — 8T — 22129 — 8/3 (3.6)

The coefficients and constants depend on the range of operating values and the algorithm for
numerical integration, which will be detailed in the following sections. As shown in Fig. 3.1, the
implicit multilinear model closely matches the nonlinear model as it is an exact representation
of it; the numerical multilinearization matches the functions before the nonlinear model takes
an exponential growth.
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Reducing multilinear sparsity: Multilinear order

Itis useful to introduce the concept of multilinear order [3], which is defined as the number of vari-
ables multiplied in a monomial. By imposing a maximum multilinear order, we limit the degree
of terms in the monomial tensor M(x, u) and eliminate sparsity that is inherent in the multilinear
structure, particularly in the higher-order terms involving products of many states and inputs.
The total number of coefficients in the multilinear model is 2(»*™) per state, which can lead to
significant storage and computational effort. However, systems with inherent multilinear struc-
ture often exhibit sparsity, particularly in higher-order terms involving products of many states
and inputs. To exploit this, we introduce here the concept of multilinear order [3], defined as
the number of variables multiplied in a monomial. By imposing a maximum multilinear order k,
we limit the degree of terms in the monomial tensor and reduce the number of coefficients per

state to,
k
> (n J; m) : (37)

1=0
which shows that each kth-degree multilinear term corresponds to choosing k variables from
(n+m).

3.2 Problems for real application

Whereas symbolic multilinearization can represent the nonlinear model exactly, it may not be
always possible to find an analytical representation of the model. For example, the electrolyzer
model in [13] has nonlinearities that can only be solved with multilinear approximation. Numeri-
cal multilinearization offers a way to model such nonlinear system, for example using Simulink®
models.

Multilinearization requires the integration of functions, and a large number of grid points in each
dimension is needed for sufficient accuracy in numerical integration. This results in the curse
of dimensionality, where computations with full grids are impossible in higher dimensions due
to excessive memory and time requirements. The following section discusses an approach
to resolve this issue: the sparse grids method for the numerical integration in the process of
multilinearization.

3.3 Possible solution: numerical sparse grid

This section presents the sparse grids method for the numerical multilinearization [14]. The in-
tegration of a nonlinear function f(x,u) is evaluated over a set of chosen sampling points for x
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and u, raising the question of how to choose the distribution of sampling points in the variables
to achieve sufficient accuracy in optimal computational time. The sparse grids method can be
used to evaluate functions of each point of the grid and approximate an integral by quadrature
formulas and interpolation.

Quadrature

A quadrature is the approximation of a definite integral as a weighted sum of function evalua-
tions:

b N
/ fl@)dz = fzi)w;, (38)
@ i=1

where f(x) is a continuous function within an interval [a, b], and w; is some precalculated weight.
The weight w; and the grid locations of variable z;, also referred to as collocation knots, are
determined by the choice of quadrature rule based on the probability distribution of x;. Exam-
ples of probability distributions are uniform, normal, exponential, gamma, beta, and triangular.
For each type of distribution, there can be different families of collocation knots specified by
quadrature rules defined by polynomials (Fig. 3.2).

1.5

1lfe o o @ ° ° ° . @ uniform | g
@ normal

® gamma

0.5+

-05F

-1le L L2 L L2

S
o
°
e
N
S
N
a
w
S

Figure 3.2: Examples of Gauss-type knots and their corresponding probability distribution function shown in solid
lines [15].

The number of collocation knots is defined by both the quadruature rule and the level-to-knots
function m(¢), where ¢ is the discretization level or level of quadrature (Fig. 3.3). The function m(¥)
determines the order of the quadrature rule. Examples of level-to-knots function include the
linear function m(¢) = ¢, and the doubling function

1 fo=1
Hn=1{" ! (30
i) {2“+1 0> 1. 39

One difference between the families of knots is whether they are nested or not. Nestedness
means that as the order of the quadrature rule increases, the function evaluations at grid points
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from lower orders are also preserved. As shown in Fig. 3.3, Clenshaw-Curtis-type knots, which
are an example of a nested sequence, retain the lower-order knots, allowing the function values
at those grid points to be reused and thereby improving efficiency. On the contrary, families such
as the Gauss-Legendre rule do not give a nested sequence, meaning that higher-order points
do not repeat the lower ones, and therefore calculations must be performed for all the higher-
order points.

® 5 GL points
® 5 CC points
® 9 GL points (does NOT includes the 5 points)| |
® 9 CC points (includes the 5 points)

Figure 3.3: Clenshaw-Curtis points (nested, in red) and Gauss-Legendre points (non-nested, in black) with doubling
level-to-knot function m(£ = 3) (5 points) and m (£ = 4) (g points) for uniform distribution.

The 1D quadrature can thus be symbolized with the integration operator:

m(f)

Qo= flz)wi. (3.10)

=1

A multi-dimensional quadrature is a tensor product of 1D quadratures:

Ql=Qu®Qu® - ®Qy, (3.12)

where d is the dimension (Fig. 3.4). It is a combination of each point in a set of variables, and the
weights are the products of the 1D weights.

Exactness of quadrature rules

The accuracy of the approximation can be expressed as the polynomial exactness of the 1D rule,
or the degree of polynomial for which the integral can be computed exactly. For example, the
trapezoidal (equispaced) rule [;"(co+ ci1z)dz is only first order exact, which means that even with
a large number of points, the quadrature will only recover a straight line. For higher orders the
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Figure 3.4: 1D, 2D, and 3D Clenshaw-Curtis quadatures.

trapezoidal rule encounters the Runge phenomenon [16], in which the errors grow exponentially.
An (N + 1)-point Clenshaw-Curtis rule [i*(co + c1z + caz® + - -+ + enaN)dx is N™-order exact,
whereas the Gauss-Legendre rule has a high degree of exactness (2N + 1). However, exactness
may not be a definitive measure of accuracy, as the performance of quadrature rules can vary
depending on the type of functions being integrated, such as whether they are polynomials or
not [171.

The accuracy of multi-dimensional quadratures depends on the exactness of each 1D quadra-
ture (Fig. 3.5).

Multi-index truncation and Smolyak quadrature

The number of points in a full-tensor multidimensional quadrature using an n-point 1D rule in d
dimensions is N = n?. This grows rapidly with d, making evaluations of f(x) expensive, with
a total cost of [T, m(#,) calculations. In practice, high monomial accuracy is often sufficient,
meaning accurate integration of high powers of individual variables x; is needed, while accuracy
for mixed terms like z129 - - - 2y is not [18, 19].

To address this problem, a telescopic sum operator is introduced to the quadrature operator,

l l
Q= Qr—Qr1=) Ay (3.12)
=1 =1
where Ay = Q¢ — Q1. and Qg = @. Following (3.11), the multi-dimensional quadrature is:
l1 12 ld
Q?:ZAh@ZAgQ@ ®ZAgd
/1=1 lo=1 lg=1
bl lg
=2 2 (A @A @A) (313)

f=1b=1 (4=1
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Figure 3.5: lllustration of the polynomial exactness of 2D quadratures with Clenshaw-Curtis rule and linear level-to-
knots function. Figuresin the top row show the sparse grid defined by the different levels £in each variable,
and the corresponding figures in the bottom row show the degree of polynomials that can be integrated

exactly.
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To exclude the computation of polynomials with higher degree of exactness, the multi-indices
can be truncated by the 1-norm of the multi-indices:

N
=Y <L, (3.14)

n=1
where ¢ = [01,02,--- ,fn]T € N are the multi-indices, and the total level £ € N dictates the

admissible indices. We note that £ can be multi-dimensional and imposes various constraints
on each ¢;, but exploring these aspects is beyond the scope of this study. A detailed discussion
can be found in [18, 19].

The Smolyak grid is defined by the type of truncation in (3.14) and the doubling level-to-knots
function in (3.9). Fig. 3.6 shows an example of the Smolyak quadrature with £ =4, i.e. 1+l < 4.
Equation (3.13) for this Smolyak quadrature is thus

\ZH1<4 Z Z Apy @ Ay

l1=1/42=1
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Figure 3.6: A Smolyak quadrature with I; = lo = 3. After truncation of indices (top figure), the higher-order grids
(middle panel, black grids) are discarded, and the resultant combination of the lower order grids gives
the sparse grid (bottom figure).
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4 Implementation: MTI toolbox

The MTI-Toolbox [6] is a mathematical toolbox developed in MATLAB® for multilinear model-
ing, simulation, and analysis. It has been demonstrated that the dynamics of hybrid systems
consisting of continuous- and discrete-valued parts can be represented in an adquate way by
MTI models and reduction methods can be applied [2]. Its application include HVAC systems,
fluid networks, and power networks.

4.1 Formats for iMTIl and eMTI

IMTI

The implementation of the implicit multilinear model class in the MTI-Toolbox is reported in
Deliverables D11 [1l.

eMTI

The implementation of the explicit multilinear model class is described in the documentation
for MTI-Toolbox 2.1 [6].

4.2 Sparse grids method

Numerical multilinearization in the explicit class isimplemented in the functionmlinearize in the
MTI-Toolbox, employing the MATLAB® toolkit by [19] for the sparse grid method. The process
of numerical multilinearization in mlinearize consists of the following steps:

1. Creating the sparse grid

2. Evaluating the functions for x and g,
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3. Integrating the functions as quadrats in the sparse grid

The sparse grid in our implementation is the Smolyak grid (Fig. 3.6), with Clenshaw-Curtis knots
(Fig. 3.3), the doubling level-to-knots function (3.9), and the multi-index rule (3.14). The func-
tions f(x, u) for x and the monomial base functions y;, are evaluated by Simulink®. The integra-
tion of (3.5) is then performed on the sparse grid in domain D.

Themlinearize function takes in a Simulink® model, and the upper and lower bounds of operat-
ing values for states, inputs, and outputs of this model. By defining a range of operating values,
this method eliminates the need for a single operating point, as is required for eigenvalue-based
stability analysis in linear models. The user also defines the level of approximation of the sparse
grid, and the limit on the number of variables multiplied in the monomial (multilinear order). The
function creates a Matlab class object mss, which is then included in the Simulink® model using
a level-2 S-function block for simulation.

The number of states and inputs that the sparse grids tool can handle is limited by the memory
and time requirement to set up the sparse grid and perform calculations. For up to 15 states
and inputs, multilinearization takes less than a minute to complete in a standard laptop, but
computational complexity increases nonlinearly with number of states. It is therefore useful to
partition the system and identify recurring components to reduce the number of calculations,
especially in larger systems where repeated structures may be common.

4.3 Power systems application examples

Three bus network model

The application of numerical multilinearization to a three-bus network is presented in [14]. The
three-bus power system from [20, 21], as shown in Fig. 4.1, comprises three inverter-based gen-
erator buses, transmission lines, and purely resistive loads. Inverter and network parameters
are adopted from [20]. The system operates at a nominal frequency of 50 Hz and a bus voltage
of 380 V.

Modeling is performed in the rotating DQ-frame; inverter DG1, Fig. 4.1, defines the global refer-
ence, while DG2 and DG3 are represented in local dg-frames. Transformations between global
and local frames are done using a rotation matrix. Each inverter model includes 15 states, such
as current, voltage, and controller variables. These models are split into linear and nonlinear
components, the latter is being approximated here by mulitilinearization.
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Figure 4.1: Three bus network, [20].

Model Equations

The full model is represented as a set of differential-algebraic equations (DAES), capturing both
inverter dynamics and network constraints. The states of a single inverter are denoted by x;, one
for each. The states of all inverters in the network are collected under, x = [x{,x3,x3]". The
network dynamics are represented by the two line currentsi = [if,iZ]T, and the three nodal
voltages v = [v], v, v3|T, both in DQ-frame. Collecting all equations leads to the nonlinear

model,
x =f(x,v)
Lii— —(R +LWj(w1))i+ Bly, (4.1
VvV = RN (ioDQ - GLV - Bl),

where, L and R hold the transmission line parameters, G| holds the conductivity of the loads,
B is a node-edge oriented incidence matrix representing the network graph, Ry models virtual
resistors to ground at each node, ensuring that the node voltages are defined and properly con-
ditioned for numerical solution, [20, 21]. The skew-symmetric matrix W;(w1) is an additional term
that accounts for equations based on the rotating DQ-frame. The global frequency of the net-
work wy, is dictated by the inverter in bus one of the network. The igpq represent the collection
of injected-inverter or output currents into the network nodes, expressed in global DQ-frame.
Further details on the nonlinear model formulation can be found in [21, 8].

Multilinearization setup

Each inverter model is partitioned into a linear and nonlinear, the multilinear approximation is
applied exclusively to the nonlinear part. The linear dynamics, are preserved in both cases.
Multilinearization is done over the range defined by the minimum and maximum bounds of the
state trajectories obtained from the nonlinear simulation, which starts from a non-equilibrium
initial condition.
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The nonlinear part is consists of 8 states and 7 inputs, resulting in 247 = 32768 coefficients per
state to be identified. By limiting the maximum multilinear order to 2, this is reduced to just 121
coefficients per state according to (3.7). For integration truncation, a grid level of £ = 4 is used.

Simulation setup

To compare the nonlinear and multilinear models, both are simulated under identical conditions.
The simulation begins from a non-equilibrium state, and at time ¢t = 0.05s, a sudden change in
the conductance matrix is applied at buses one and three: bus one experiences a 20 % load
decrease, while bus three sees a 100 % increase. Both models are simulated for 0.1s using the
MATLAB®/Simulink® ode15i solver with variable step size.

Results, Analysis

The simulation results for the three voltages at the buses is presented in Fig 4.2. It can be ob-
served that the trgjectories between the nonlinear and multilinear models are a good match, at
all buses. Error metrics are presented in Table 4.1.

Table 4.1: Voltage trajectory errors per component.

Component RMSE (V) Abs. Max. Error (V)

V14 0.027 0.30
14 0.020 0.18
Vo 0.024 0.16
Vg 0.020 0.19
Vsq 0.040 0.63
V3 0.018 0.16

The maximum errors occur immediately after the load step, where the multilinear and nonlin-
ear models exhibit differences in peak response. Bus three exhibits the highest deviation in
the d-axis component, with a peak of 0.63 V, as the multilinear model slightly overestimates the
response. The RMS errors across all buses range from 0.018 V to 0.04 V, corresponding to less
than 0.01 % of the nominal 380 V. Overall, the errors indicate that the multilinear model closely
approximates the nonlinear dynamics, particularly outside fast transients. \While errors peak at
the load-affected buses, their magnitude is sufficiently low to encourage testing the multilinear
model for control and other application-relevant scenarios.
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Figure 4.2: Node voltages, active power P and reactive power Q.
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Grid following converter

Another illustrative example is the multilinearization of a grid-following converter. The imple-
mentation in Simulink® is provided in demo_mlinearize.mlx of the MTI-Toolbox Demo. The grid
following converter is part of an essential system described in the demo DemoSSA.mlx in the
Toolbox [22]. It consists of a grid-following converter, a grid-forming converter, and a load, all of
them connected to a Thevenin-equivalent grid. For a more detailed description of model and
simulation setup, please refer to [22].

The structure of the grid-following converter control is shown Fig. 4.3, where the nonlinearities
including multiliniear functions in the grid-following converter are partitioned into a subsystem
for multilinearization.

The nonlinear subsystem has 4 states and 4 inputs. The maximum multilinear order is limited to
3, which reduces the coefficients per state from 256 to 93. The sparse grid is set up with a grid
level of £ = 4.

The multilinear subsystem is connected in parallel to the original nonlinear subsystem, so they
are simulated under identical conditions for comparison. The simulation is set up to run for 1 s,
during which the control modes of the neighbouring grid-forming converter are switched at
t = 0.2, and occurs at t = 0.8. The resulting node voltages are shown in Fig. 4.4. While the
voltages immediately after the signal deviate from the nonlinear simulation, the quasi-steady
state values are close to those of the implicit simulation.
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Figure 4.4: Node voltages of nonlinear simulation (solid line), multilinear simulation with numerical multilinearization
(dashed line), and with implicit multilinearization (dash-dot line).
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5 Conclusion

This report introduced core concepts of MTI modeling, and presented an improved multilin-
earization algorithm for approximating nonlinear dynamical systems as explicit MTI models. The
application to power system components demonstrates that despite the model approximation,
the multilinear models closely matched the nonlinear simulation, particularly in steady-state
and post-transient behavior, ie., the operating points that form the basis for eigenvalue-based
stability analysis.

5.1 Outlook

The multilinearization approaches currently available in the MTI-Toolbox is shown in the green
arrows in Fig. 1.1. Extending on the multilinearization methods for the MTI-Toolbox to include
linear transformation for both the explicit and implicit model classes would provide another way
of accurately representing nonlinear models with multilinear models.

The numerical multilinearization method discussed in this report is suited for the explicit model
class. Developing numerical multilinearization for the implicit class would be beneficial as more
parameters as well as discrete states can be included in the multilinearization. With the imple-
mentation on Simulink®, nonlinearities not represented analytically or occurring in grey-box or
black-box models can be multilinearized for further stability analysis. The results from this de-
liverable will aid in the development of system identification capabilities in the future tasks of
this project.
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